Consider an evolutionary equation related to the p(x)-Laplacian:
Introduction
Consider the equation To consider the posedness of the solutions to (.) and (.), a nature basic functional space is W ,p(x)  ( ). Let us introduce some basic definitions and properties of the function spaces with variable exponents; for more details, see [-] .
. L p(x) ( ) space, L p(x) ( ) = u : u is a measurable real-valued function, u(x) p(x) dx < ∞ is equipped with the following Luxemburg norm:
The space (L p(x) ( ), | · | L p(x) ( ) ) is a separable, uniformly convex Banach space.
. W ,p(x) ( ) space,
is endowed with the following norm:
p(x) ( ). (.)
We use W Hence, the property of the space W ,p(x)  ( ) is different from that of the case when p is a constant. The following lemma gives some basic properties of W ,p(x) ( ). 
Lemma . (i) The spaces (L p(x) ( ), | · | L p(x)
However, if the exponent p(x) is required to satisfy a logarithmic Hölder continuity condition
By (.) and (.), Antontsev-Shmarev [] established the existence and uniqueness results of (.). Since then, using the logarithmic Hölder continuity condition, there were many papers in studying the solvability and the regularity of the equation related to (.); for examples, see [, ] etc. When p -> , Peng [] had studied the existence of the solutions of the equation
without the condition (.). By adopting a time difference method, Lian et al.
[] generalized the method of [] to study
provided that f satisfied some restrictions. In our paper, we want to consider the initial boundary value problem of (.). By the paper of Yin and Wang [] , which studied the diffusion equation
we know that the initial value condition
is always required. But due to the degeneracy of the diffusion ρ α on the boundary, whether we can require the usual boundary value condition
is uncertain. From the point of physics, if we regard (.) as a heat transfer equation, since the diffusion coefficient vanishes on the boundary, it seems that there is not heat flux across the boundary. However, Yin and Wang [] proved that, if α ≥ p -, the existence and uniqueness of solutions can be obtained without any boundary value condition. In other words, the solution of the equation is completely controlled by the initial value condition. Thus, whether there is heat flux across the boundary is unknown actually. The first aim of our paper is to probe how to give a suitable boundary value condition of (.). We first review Fichera-Oleinik theory, and then we use it to discuss the suitable boundary value condition related to (.). The main point is that, to assure the posedness of the solutions to (.), instead of the whole boundary value condition (.), we can require only a partial boundary value condition,
where p is a subset of ∂ . In some cases, p can be expressed clearly, whereas in some other cases, it is difficult to write out its explicit formulas. We assume the following.
(A) We call a bounded domain has the integral non-singularity, if there are constants
, and there are constants β, c such that
as usual. The main results in our paper are the following theorems.
, the bounded domain is with the integral nonsingularity (A), b i (s, x, t) and its partial derivatives satisfy the condition (B), and u  satisfies 
when x is near the boundary.
The stage of formal operation
Consider the second order equation with the form 
Let {n s } be the unit inner normal vector of ∂ and denote that  = x ∈ : a rs n r n s =  .
In  , let us consider the Fichera function
The first boundary value problem of (.) is quoted as follows: in = ∪ , to find a function u such that
where f is a given function, and g is a given function on  ∪  . Clearly, if (.) is an elliptic equation, then (.)-(.) is the usual Dirichlet problem. For the cylindrical region, (.)-(.) consists of the mixed problem, also known as parabolic equations with the initial boundary values. Now, if we consider (.) in our paper,
then we can rewrite it as
where
If comparing (.) with (.), on the lateral boundary, when t = , the initial value condition (.) is required, and as we know when t = T, no boundary value is necessary. The more interesting phases appear on the bottom boundary. Generally, only a portion of the bottom boundary can be required as the boundary value. Let us explain what happens as follows.
By
if we notice that near the boundary = ∂ ,
and ith order principal minor determinants are all equal to , except that i = . Then according to the characteristic value theory, due to the symmetry of N × N matrix U x , there exists an orthogonal matrix P such that (u x i u x j ) N×N = PA N×N P - , where A is a diagonal matrix which is just the characteristic matrix of U x . Let λ i ≥  be the characteristic values of U x . By a direct calculation, we get
We have
where m = nP. Then it can be divided into the following cases.
It shows that (.) still needs the partial boundary condition when α > , this is different from the case of b i ≡ , in which no boundary is required even when α > . For example, considering the case of a one-dimensional space variable, and
p in (.) means that (.) needs to give the boundary condition at x =  when b () <  and needs to give the boundary condition at x =  when b () > .
In this case, certainly, when b iu (, x, t)n i (x) ≥  is true for all x ∈ ∂ , p is an empty set, then (.) does not require any boundary condition now.
. α = , then
Generally, it is only a subset of ∂ and it is difficult to write out the explicit formula.
In general, it is just a subset of ∂ , and it is difficult to write out the explicit formula. If p(x) is just a continuous function, then
In other words, the boundary value condition of (.) is so complicated; it may depend on whether α > , = , or < , whether N = , or N ≥ , whether p(x) >  or not, whether b i ≡  or not. In Sections  and , we only consider the existence and the uniqueness of the solutions when p -> . In last section, we only consider the behavior of the solutions near the boundary when α ≥  and b i ≡ . Certainly, as we already know that a degenerate parabolic equation generally only has a weak solution, the above linearization is only formal. We only give some ideas of how to give the partial boundary value condition to assure the posedness of the weak solutions.
The existence of the solution related to the initial value
Definition . A function u(x, t) is said to be a solution of (.) with the initial value condition (.), if the initial condition is satisfied, in the sense of a trace, and u satisfies
and for any function ϕ ∈ C ∞  (Q T ), the following integral equivalence holds:
We consider the following regularized problem:
where ρ ε = ρ * δ ε + ε, ε > , δ ε is the usual mollifier. For all ε > , selecting 
Lemma . If p -> , is a suitably smooth bounded domain, the assumptions (A) and (B) are true, then the solution u ε of the initial boundary value problem (.)-(.) is weakly star convergent to u and strongly convergent to u ∈ L  loc (Q T ), and its limit function u satisfies (.) and is the solution of (.) with the initial value condition (.).
Proof By the maximum principle, there is a constant c, only dependent on u  L ∞ ( ) but independent of ε, such that
Multiplying (.) by u ε and integrating over Q T , we get
By the fact
and by (B),
We notice that
Thus,
By condition (B),
Here, we have used the fact that |u ε | is bounded,
By Hölder's inequality and α
by the inequality, we have
By (.), (.), we know that
By (.), (.), and (.), we know that there exists a subsequence (still denoted u ε ) of u ε , which is weakly star convergent to u, and strongly convergent to u ∈ L  loc (Q T ), and it satisfies (.). In particular, u ε → u a.e. in Q T , and there exists an n-dimensional
So u satisfies (.) in the sense of a trace. In order to prove that u satisfies equivalence (.), we notice that, for any function
, and so
Now, it is not difficult to prove that (cf. [, ])
for any function ϕ ∈ C ∞  (Q T ), then u satisfies (.) and it is the solution of (.) with the initial value (.). Thus, we have proved Lemma ..
The existence and the uniqueness of solutions
The function u(x, t) is said to be the weak solution of (.) with the initial value (.) and with the boundary value condition
if u satisfies Definition ., and for any function
, and the following integral equivalence holds:
where p is defined in Section  in detail. We quote it as follows.
(ii) If α ≤ , then for any given t ∈ (, T),
(iii) If α = , then for any given t ∈ (, T), p is just a subset of ∂ , and it is difficult to write out its explicit formula, except some special cases. For examples, we have the following special cases.
Case . When N = , for any given t ∈ (, T), if for all x ∈ ∂ , we have
Case . When N ≥ , for any given t ∈ (, T), if for all x ∈ ∂ , we have
, conditions (A) and (B) be true. Suppose
then there is a solution of (.) with the initial value condition (.) and with the partial boundary value condition (.). 
Proof
Here c is independent of ε. So ∇u ε is uniformly bounded in L γ (Q T ), and u has a trace on the boundary.
by ϕ(x, t) on both sides, integrated over Q T , then
That means (.) is true.
Theorem . Let conditions (A) and (B) be true and α
Proof Let u and v be two weak solutions,
For any given positive integer n, let g n (s) be an odd function. When s >  it is defined as
Since for any given s > , g n (s) is a monotone increasing sequence of n, and clearly
where sgn(x) is the sign function. Thus, we have
At the same time, it is clear that
Now, according to the definition of g n (s),
We use the following facts:
where b i (ξ , x, t) = ∂b i (s,x,t) ∂s | s=ξ , which is bounded by the assumption (B).
In (.), let n → ∞. If {x ∈ : |u -v| = } is a set with  measure, then
If the set {x ∈ : |u -v| = } has a positive measure, then
Therefore, in both cases, (.) tends to  as n → ∞. Thus we have
It implies that
By the arbitrariness of t,
Theorem . is proved.
The behavior of solutions near the boundary
Without loss the generality, we also assume that the boundary ∂ is of class C  . That is, there exists a number ρ  ∈ (, ) such that for all x  ∈ ∂ the portion of ∂ within the ball B ρ  (x  ) can be represented, in a local system of coordinates, as the graph of a C  function Definition . If u  (x) satisfies (.), u is the limit of the solutions {u n } of the following equations:
where u ,n (x) is the smoothly mollified functions of u  (x). Then we say u is a viscous solution of (.).
We shall get estimates above and near ∂ . 
where the constant C depending upon M, N , p, s, and the constant k is a constant independent of s, M.
Proof Fix (x  , t  ) ∈ ∂ × (s, T). By the planarization technique, we may assume that (x  , t  ) ≡ (, ) and in the vicinity of (, ), after flattening of ∂ near x  , without loss of generality, let us assume that ∂ coincides with the portion of hyperplane {x N = }, and the inclusion ∩ {|x| < ρ  } ⊂ {x N > } is true. Let y = (, . . . , , -), and define the set
We assume k is so large that
. Consider the following problem:
where u n is the solution of the problem (.)-(.),  < s n < s < T, s n n is small enough, and
By the comparison theorem ([], p.), we have
Let us construct a barrier for u in ℵ k . Consider the function
and the barrier is given by
where the constants γ , C are to be chosen later so large that v ≤ k on the parabolic boundary of ℵ k . This holds true on the portion of such a boundary lying on the hyperplane
By direct calculation,
Clearly, if we choose k large enough, then we have
It 
By direct calculation
k,x j = -kμ  η k
